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Tris pacer contaias an invaetisation of the field inalde on 
idanlized helices. wave gaids having cylindrical walls which are pariectly 
conducting in a helical dirgetion and perfectly non-conducting in the 
direation perpandioulnr to this, It 4a found that there are in goneral 
an infinite ninder of noneattonuated modes of propagation along such a 
aides; some of these modes have phase velocities along the guide grenter 
than the velocity of light in frea space end others have sunlier phase 
volooities along the guide. ay proper ehoica of the dealen paramestera 
of the guide 4% is poseidle to eliminate all modes having phase velocities 
slong the gilde greater then tho free space velocity of light, and at the 
anne time to separate the phase velocities of the other modes, Such a 
choice of parsmetere is desirable in the traveling wave tube spplication 


of thie theory. 
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1, Introduntion. In resant years # frant deal of research hoa 
deen done on en ultrnehich-fronacacy aawplifier known aa the traveling wave 
tube.® It han teon found that thie tube poskesses the danirable vrovertics 
of high grin, broad bendwidth, snd low polsa lavol. ‘ihe heart of the tude is 
# Kalicnl trenenincion line which is designed to pagan an elactromncnatia weve 
with wave length slong the euida, pnd henee phase velocity rlonz the euide, 
santler than thet of the free-srace wove, An electron bens, having a 
velocity apsroxinately amirl to the phase veloaity of the wave, 4 shot dom 
the center of the helies) line, As a result of tha interaction between the 
Seam and the elaatromagnstio wave the ware solitude de macnifiad. 

Ghia nanar consists of a atndy of the tranenmisaton proverties of 
an idenlised helical wava guide. To date the traveling wove tube han beon 
constricted with a single wire wound in the shave of a helix, ‘Such e cone 
etruction posseazes the disedvantese of not dbeing very rigid. A more rigid 
sonetraction could be achieved by takines a oylindrtes] zulde mnda of insulate 
ing material, taraacing tha inside at the desired pitch, end filling the 
resulting vallaya with the conducting material, Such a guide would bea 
@qiivalent te sevaral adjacent strands of wire arch wound in the ehspe of 
ahelix, If, now, the thrasde in tne threated oylindriesl gaiie are ante 


finer ond finer, atill apintaining the original piten and depth, ona arrives 


* The traveling wave tube wes developed at Oxford University by a group 
ander %. “ompfner. Some of the roeults of their resenrch can be found 
in the following reporteas 


C.V.U.Moport, GeiMisc, 26, CR2eof. 44/7613 
6.7. D.Heport,G.lkisa, Oh, OKoZ.Hef, bY /3910 
C.¥.2.7isrort, Coueiiion. MO, C27 Ref, 44/1682 
YWiralesa Yorla, Yovamber, 19U6 

vr, dy BR. Fleres of the Geil Velechone Laboretories Ase nleo dane a con- 
sidsrable anount of vork in this field, Hin work Le expected to be pub- 
lished in the Sebrunry, 1947 issus of the Bell Telephone Tyntem Jr. 
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at the idealiantion considered in thie paper, 

It meg be that aparking across the insalating materinl would moka 
such a conetruction an wea have proposed impractical. In any cnoe one would 
like to know how close the elactrical behovior of such a construction is to 
that of the single etrond holix. It 4a olonr that the current ds conetrained 
to travel along a helix having the anme citch In both eases. Thue the bound- 
ary conditions are sonswhat the gane fer the tvo degizgna, dowevor, thera 
are elr gaps between these aurrents in the single wire helix which are not 
oresent in the other oane. Thia has the effect of increasing the sveraze 
inner radius of the helix. Such an intultive argument ean be justified on 
the baaig of experiment. If cae applies the theory for the idealised 
helienl wave guide to the single wire holix, one ean obtain the observed 
phase velocity alongs the guide by slightly fadsing the radium of tho cylinder, 
Thia fudge fector depends on the spacing detwaan the turns of wire ae come 
_ pered to the wave length of the transmitted wave. Yor a free space wave 
length of 62 cu., a apnacing detwoen turns of 2 om., and a helical rodins 
of 3 om, (inner) ond 4.3 cm. (onter), it wee neseswary to aseume in the 
theory for the idealized helix a cylinder radius of 4.5 om. in order to 
obtain the excerimontally determined phase velocity of the single wire helix. 
In another instance for « free sonce wave length of 10 em, 9 apocing between 
turns of 0.95 om., and mn helicel radius of 2.6 mm (inner) nnd 3.8 om (onter), 
it wns necessary to aAgeuma a cylinder rediue of 4 mm, in order te nehieve 
epreanent. 

The precise boandery conditions for the idenlised helical wave 
guide gan be formulated ra follows, The maide conetate of a hollow cirsilor 
cylinder which extents iniofinitely for in both directions. The inner surface 


of the cylindsr is yerfsetly conducting in the helienl direction and nerfectly 
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noneconducting in the dircotion verpendicalar to the helianl 44 reatton, 

It follows that on the cylinder warzoce the eleotrical field vanishes in 

the helienl direction, ihsre to sone dacres of arbitrerinyen in the wagnetia 
field doundary conditions. Ye have supvosed thet the conducting threads in 
the previously meationed liniting proosss are uniforaly deep. In thla cere 


the macnetic field like:tse vaninhos along the direotion of the heltx, There 
boundery cenditions lend to the exiatence of cortain normal modes which, in 


the wousl wave guide terminolosy, are lineor combinations of tranaverse= 
eleotrie and ccunupareneasa tte modes, For anch nln 2 C, 5 Oe eS ee ee 
there 1s 9 olution of the wave equations in oylindrical eccordiantes Lavolving 
n®® order Bessel fanetious and having a notcs xround the ctrounforence. for 
each such solution there era precisely as many non-atteminted modes a6 there 


ate real solutions lav (ufe#k) and imaginary solutions in a of the equation 


te 
ic. Se eee eee  - G3) eT aR 


a J ba) 


Here k 2 a. where dr Ie the free—anace wave-leagth, a is the radius of the 
° 


oylindricel gide, and X = aan vhere 4 is the distance between turae of 
the helix. In general o finite mamber of real solutions less then ak can be 
foind for each of wm finite mumber of -the als. In efdition either one, or 
two imacinery solutions ean de found for esch <0 and either zero, one, or 
tvo imecinory solutions for ench <0. We snsll refer to a mode that 
eorres,onis# be 2 renl solution less then ak of dq. (1) as an Kemode, end 
one thet corres;onds to en lure vinary solution as an Ienmode, 

In the trovelins wave tube 16 is necessary that p wave hevine a 
phase Velocity less than the ires apace vave be propagated down the helical 
guide. Only I-wodes have phese velonitics lesa than the free space weds 


However, om infinite auaber of non-atteniatad Iemodas onan be tranezitted 
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Se 
down any helical suids, In order that the traveling wave tube be stable 
it fe necessary that the I-mode usad be well isolated in phese velocity 
from any of the other »oaribvle moden, One way of acoom lishing this is 
to use the sero-order k-mode to intersat with the elestron denm, rnd to 


design the helianl ciide so that the parameter ak ie emall comonred to 


one, The geero-otder l-mxde will exiat if an only if the ocranoter bd 
a. a ia less than one-half, in vhich case, of course Sq.(1) 


mast have an dgarinary colution, u @® dv, This golution can bo read 
from the gravh 1a Fig. 1. Yor values of S- ae <o.2, the corresponding 
solution te approximately 


(2) 


The wave langth sloaz the tube for the femodare ina 


: : We 
Ags Ae | +(3%) 7 (3) 


For the sero order T-mode with x. au <O.> » this becones 


2 rs: Nii a Oo é 
Ce ae cy) 
which {ea preelsely what ose would obtela if the wewe followed the haliesl 
windings in the cylinder with its free annce velocity. 

Altamgehn the condition, = ov at te sufficient ta ineire 
the exiatence of the seroeorder lemode, it le not avnfflatent to eliminnte 
the possibility of ether sodas nor even to Leolate the zero-order I-mode 
with respsaf to rhase velocity. It isn posridle, however, to isolate 
the phnea velocity of the zero-order lemode from thet of the other Iemodes 


by chooaing ak emall comsred to one. If one immossa there restrictions 


on Oe and ek, ail of the Renodos aro nutometiesally eliminated, This 
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dan be verified by mosns of fir. 2 which dofiner tha region esntatning all 
rorsidle velues of the two oarenetors for which no Hemodes exist. Yuarthemore, 
Af the nbove conditions are fulfilled, only I-modew will exist gor a <0, and 
for ench n<O thars vill be two imaginary solutions of Bq. (1) having the 


aneroxinate valnea, 


oe Sec in| ~;)% 
AK "aA ee x 


Uy. [ul sees 
ae a ( oe +! KX (5) 


Inserting this in lio. (3), ve obtain 


ani - 


, 


Thies paver contains a disenssion of all the noneattemirted transe 
mitted wodes for the idealised helical wave guide, epealal emheeis being 
ninced on the geroeorder Iemoda, Yor this mode tro fieli inside the mire 
has been exomteds: in addition the attomantion has beea fount for the ease 


when the walle ere not varfect conductors, 


2. Nathamatienl Pormintion of the Croslem, Wor a wonchraaatic 
souree the oleciromacnetico field inside an infiaitely lon: cirealer 


oylinder can de ravresented In the Lorn? 


ar EN NO ILL CLL LL LLL LOLI L LEY SL ALLEL LOL LIL ELE LAL AEE LOCI, OI IES AA LAL ELE LAG A aN Rt OE Se Tt 
* See Stratton, f.4. 8 Mloatromenetio Theory, pe 52M. KeGraw-HAll. 
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In theres relations 
yr? x ee a* : 
7, bP Oe ake = (7) 
t 


end the prize stove . Seseel Sanction denotes differentiation with resvect 
to the argiment (r. Withost lose of geaerslity we shall limit our con- 
siderations to p with roal part greater than or eounl to zero, 

It 13 agaunsd for the idealized haligsl wave mide that on the 
inner wurfrce of the aylinder toth the eleetrice fiel4 and the mrenstic 
fleld will wanieth in the helinn? alrection, Zhe helical dirsetion nt the 
roint (en, @, 29 can de desienated as 


a3 Ove ta 7 WIAs 


vhere, es before, a in the radius of the eylindrieal eride end 
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K2 df/21 , d& delus the distause between turna on tha helix, The domadary 


Govdivions gen then ve exoresoad ae 


be a FQRRQKE, 2G (8) 


Re B FQeytak z 0 


a 


for r® a sad all values of Onad ze 

“inee thea emanations (5) are valid for all valauca cf 6, they ore 
cleo waltd for tae sourler coetiletents of thena quantitias tekea vith 
reavcet to &y that de the corresponding bracketed expressions in to. (4) 
times «4 162 = iw Kinally ciace thease relations hold fer ull x, they 
Likewise hold for tie tracketed teras nlene. Im thie form, the bovstary 


conditions are & 


(A - 2 O)aaht ad dy = Gia 34 (ra) dy #0, (9) 


: 2 
Pe) HN (Ta) by t+ (A en In( fa) R= 0. 
yeu & 


In orter that there exiat a non-trivial solutlon for Aq, Bp, the deterainsat 


of coeffiolenta of ©). (9) sast wenishy that is 


> as a> a 
(A+ me J2 (ra)s sab (42) 


or 
Coke: ae UC Pe enn (19) 
a Gav (ra)*® ra <i va) 


To ench sriusion J of aq. (10), thare corresronte a natural 
mode of the beliaal wave cuide whish cen ba propagated (with ar witheat 
attenuation) down the guide. Zubsabitutins in tea. (9) ond (6) one finds 


thet the field acuations isr thie mode are 


ee is INI) = kn arpa] ¥, 
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where ne de the reateterce of the medium in ohme. ere the upper sign 
refers to e solution of cc. (19) with a plas signa, wherese the lover eign 
refers to a einns-dign solution of 34.410). ‘Shase (Leld equations corresrond 
to linear combinations of the fentliar tranaversoeeleatric and transversse 
marneatie modes rresent in ordinary wave guides, Thia is not the only novel 
fanture in these field equations, If wa consider sade with positive real 
part, the relation (li) is essentially different for nealtive end negative 
- Walues of nw Hones, wolike the usual vere guide, the modes proparnoing 
down the galde wileh ean exist for positive no are alfferent from those which can 
exist for negitive mn, This, of courss, shoulda de expeanted in view of the 
aaymaatry of the bowndory conditiona with reseeat to 6 : 

In order thet a node be orornagatad dau the guide without atieoune 


tioa it 19 neoonsary sate be renal yelued, By Yq. (7) 


aad ree iz - 
sca will bs real yolued Uf and only if (la either (magknaty valued or 
real valued and leas then k. Aa maationsd ia nection 1, the nonenttometed 
nodes hava bean divided into tvs clagsasg the Temodsa corresnondin: to imacinary 
solutions of Sq. (10); oni the Hemodas corresponding to renl d- solutioss 
(< k) of ne 410). For tne I-no4es € iz sraxtes then k so that the “hase 
velocity alons the axis i: lees then thea velocity of light in froe eeeaoy: 


wnerese for the Aemodes the rhase velocity rlong the axis fe nore than tho 


velocity of Light An free sracee 
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Fer n®O it de poratdle to find rank solutione of Ba. (10 evan 
for (>, Vor tee eorreapondjng madame) Aa jvre lmagkanry end ccnnanantl 
the modo in attemintad, Yor ae 6, hoverar, Bo. (10) hes no reek velvet 
solutions, d > k, taenase for wach the 6 tara is thea only complex valued tera in 
the epration, Siace from phystenl oonsiderations it seame clanzv that fatriy 
eanernl boundary ooaditiona can bo matched by arch set of mnodas for » elyen n, 
it follows that thare mart be an infinite set of solutions for anch mn, Howe 
evar, om wa shall show, there aa only «& {Anita nunber of Re and Ie modes for 
eeah mn, Consecuently there mst estat comlex veluee of ( entisfyine ¥ae (10), 
for ell un #0, ihe corresponding p 4e iso commlex valued ap that the mode 
behaved Like en ottanasted wave evea thmih thore is no dissipation of engrey 
elong the guide*, Guch motes do not ocevur in the usual perfect conductor 
weve guide, 

The remainder of this peper will be devated to a Alscussion of 


the Re and Te modege 


3. DAs Seronirder Nodes, In the traveling wave tube, the gerne 
order temode has heen used to achlave the dealred reasalts, For thig reason 
anf vecatiag the gorto-order moder are somaviat typleasl of the other modes, the 
present section will be devoted to a discvesion of theae wodes, The seotion 
will Be deserivtive. since the sero-ordar nodes ara nt wm apecint couse of 
the generel n*4_order modee whieh vill be stuiled in later seotlons, 


Fer n 3 0, Sa. (10) decomer 


1 + J! (y) 
en ek as Ga) (12) 
where Ma A i, Wt is eraventeont ta Latrofuce She function 


rt dy) 
enfa) w 
Q wl 5 ta) . 


ened 


Ue _ 


Tone boundary noneitions ateng the muide ere auch that the component of the 
Poynting veetor normal to the gaide wanishaes. It follows that no energy Lents 
ont ef the solide. Handa for domo ont weres there e¢onact be an net Slew of 
enersy in the flrection of the milie,. 
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It te clear that any velue of u, for which g(a) ta equal to eitner 
{ C i 


Sy or - ay Sk « ie @ solution af fq, (12). 

We ghall firet gousider the T<modes. For this case let ua 2 iv; 
vis then real vwelued. x ia a negative monotonically Incrensing function 
of v for v> 0. the function “ky 1a plotted na a function of UV in Fig. |, 


The series expansion for wg rxbvat the point v = O hes the fora 


2 aa 
> => —s a -t- We _ eos tf . ' 
a > 16 76 : 


On the other hand the esysptetic expansion for By 4¢ of tae xorn 
3 
ee ree i * bs) - 
=. ae Paka] 
It follows that a sero-order I-mode will exist if and only if 


i 
o 2 ee nh (13) 


and when thie is the orae there is a unique solution for Sq. (127). As enn 
be seen from tie orymptctic expension, hen a ete emsll, say lese thin 
0.2, this solution in given secroximately by Ho. (7). 


The field aqneations for the seroeordar T-~mode are sionly 


tp 2 ay re) | ey aps Lag te) iQ. 
Bt AR IC rr) Fy ig Eg (Te) 
Hy Perey ny Fo fi,* J, (tr) F, 


She fector tenn 02 iaternreted os a chase ndvence of a gquerter of a wnve 
lensth (4.4. As } in the sedirection. Hence tha % and the H fields differ 
enly in the factor 1 and the fect that & lage Ko by a quarter of s vwave langth 
in tha e<Jireation, thet ta, for the refo-order Ieanode 

3 (rae) 8 1 Bore a A, fe 


Teegypeongy 
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Sectionnl drawinga of the saroceorder Ienode SesSield are shown in ig. 3. 
The paranetera for thiy partioular helicol wave guide are 


(7 a ae <4 
St 4 pie 


The helienl viniings form a Lleft-hend screw thread for which d/a ® 2 71/16 © 0.3%, 
Ae enn saeily be commuted from Vie. 2 and Eo. (7), 


A 
af = 3.351 and [e = ae = leu 


The fimure shows the 2-field for only half o wave length since the remaining 
helf ie the aame except for aien. 

In on actual helical wave guilts of the type conciderad ta this 
papar, the walls of the guide world not be rerfect conductors in tha helionl 
direstion, If the avunductivity in thin direstion ia finite but laryve, one 
ean spproximate the attemiation salons the guide rather aisply.* Gne srouses 
that the field pattern at a given cross aaetion in easentinlly the gene for a 
guide that is rerfectly contaeting and for ona that iw not. in the notyhhore 
hood of this croges section ona can then calsulate both tae enerzy flow noroes 


the ssotion ond the heat dissiopnetion in toe walls, the attemmuation factor ie 


then 
Attemation factor 2 4 Souor Lone ver unit ieneth (1h) 
< sower trnunater slong goide 


For the xerom-order lemade the powar transfer alang the maide in 


Le) 


the iuterral of the g=<comienent of the Pasnting vaetor moroga the croag seation. 


tiew the g-aonnonent of the Voynting vector is 


(S xB), # Seale wa], 


fee, for instence, amo ond “hinnery, Fiolds ond Yeves in Motern =-410, 
Chapter &, 19%, Wiley snd Sons, 


RESTALOLAD 


ESYVREOT ED 
ResrekOe so 


13. 


Aa can te raen, the energy Tlow nar sacond denends only on vr and 12 the gone 
for all crozts ssetions, all timo, and all 6, the energy flow throuch any 


erone section in then 
rar Olax H) =Ta* J Zsa) 1 
sf if i o a ae 15) 


On the other honda, the averaxe AI Llosa ger acter is the time) 


overage of L°%, Zila. Here Tt is squsl to the tangential component of K 
at the walle of the giida and hy ie the effective resistence in cha ver 
aquare meter of the wolla, At r 2m the tangentind component of H ie of 


course perpendimular to the helical direction; that is off 
Hence 


ay Ky, = 0, 


2s a) “hig 2 arg) . ae (fa) eos” Ca, wt) . 


For plane sonducting eurfncss, or vhere tha radius of curvature is of the 


game magnitude or larger than the wave leagth, 


whereg> is the conductivity. The aversra AL loss rer weter is recdily seen to 
be 
2 a? a 
avers°é RI lots vor mater =H, See (ta. (16) 
Combining Soe. (1%), (19), #n4 (16), one obtains 


2 2 
Attenuation factor = Be (ae + oF) ° ee ee a ° 


an <2 86 |)" “en | 
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Lu. 


Before conaluding thie seotion we shall consider thy “moder; 
thease are the modes associated with the real solutions of fy. (12), A graph of By 
as a function of u is shown in Fig. & This function atarts at -1/2, has poles 
of the first order at all of the serosa of Tha), end is everywhere monotonionlly 


Gecrensing. The series expension for gq about wa = O te 


2 agth 


t a” 
8 tay -_ @ - ~~ 
9 2 35 $ 


for large values of U, 2) dehsves Like 

- a tan (ue TT /) . 
In general thers vill be many U-solutions of Eq. (12) smeller in valun then sk, 
If ek ie lese than the firet sero, x = 2,405 of Jo(u), then any Renode solu} 
tion mist involve only the first breach of the a, curve. Ae ern easily be 
seen in Fic. 4, there will be no solution Te Le entirely abveve this 
brooch or if it lee delow that part of the branch for which u < ak. In other 


words, if ak xy , there een ba no enode solution if 


Xx eee! 
“a ako (172) 
er iz 
lu. Sa 5, (ak). (17>) 
a ole. 


aimilerly tf sk 4s sinoly less than the flrat zera x} = 3.43 of 


Ia) a - J,(u) there con exist no sero—-order Remode if 


Le ° — < min ~ ; Can) \I. (17¢) 
Thate vill, hovever, De an tafinite set of u's for wiloh Yo. (17) La antine 
fled; these will all bs values of nu crester than ak and therefore correspond to 
attenunted motes, If eondition (l7e) 1o satisfied, then the goromorder femode cen 
exist tut no zeroeorder -mode can cxtist. 


RESTALOPRD 
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ye sestatenant of the Yrotlen. To each solution of En. (19), 
Shera corresponds a naturel mode of the heliael wave gilde, Yo enall cone 
aiter only the von-attemmted modea, that is real{- ke (Hemodes) end pare 


froginary a (femmodsa). In aituer ease ~ wlll be the cosibive enuare trond 


of (k2 = ¢?), Gina Jayla) = (-2)" Sula), we can replace Jta) yy 
. . nd ta) 
Jay) 
e« Thia vormzte us to consider the solutioas of dq. (10) for positive 
wi bad 


and negative valuer cf a almultangounly by finding the solutions of 


tds GE + BO) (ps 0,12...) (8) 


eubc uck ~ tiga) 
where ad has bean Teclanec by BB. Ones o gclution la odtnined, it will 


of courge te eany ts “atervias wheather it corrermonde te n or to oa, If the 
vine sige helde on tha left then it will correspond to a, wherace Lf tre 
minas glén holds cn the left 1% will corresvend to en, 

The noneettonusted solutions of Ba. (18) ae ve found by studye 
ins the four functiona on tae richt-hend side of the ecustion dafined by the 
Las and minus ¢izns and the real aud pure imecinary arcumente. More exolice 


Atly these functions ata 


Je Gy 
tial Vv) cs =) e)'] + sas iviglay ¢ (n a OsleBrcaeds 


he Me. v | % . re (int 
tan V) * “eee rar eae (19) 
@ 
4 nla) a a; “Ge - Jala) , (n = Or Avei acute 
a 
Borgia a) 3 7 1 4 eg ~ oh ty) ’ (a s Oclvaiee) ° 
: wd aa) ; 


oti 


mn Pe 
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These functions will ba tronted in turn. 


The vrinclpal tool uaed in the Investigation of thesa functions 
fe the Giffereantial ecuntion for 


Ad (20) 


x = 
. ud g(a) 


By differentiating Be ani malting use of the defining digferentinl equation 


for Bessel functions, ene resdlly obtains 


dri b>) 2 1 a 
watt =f = - wm C., a om rn 2 
aa : 5 3 uae 7 : (21a) 
u 
a differential equstion of tha Sloatti type. 
Replacing u by fy, the goquation bvecezes 
$e, ove2- 2 . i . a” (P1b) 
ae ye ap ae 


ne can ovtoin a series expansion for %, by Gividing the 


corresponding Sesael fanction exnangions. This gives - 


2 4 se 
no\y t faux a e s| (228) 
2 ~ “ —_ _——_— = CB, 
*n 2.) aint) (% nia) ~ (a42) 2 


and 


? bf a 2p) 
woo Vo (3 | - en aaa me | Coe 
= 2 aad) 2 oe ) 
Cne Gen Likewlew obtain the asymntotioc expansions for Ene fo avoid 


éifferentiating an esynotetio expansion, we replace J by 5 Fae ~ J, 1). 


This yields i & 
ft," “. ten ) - (ny ) | (278) 

nd 1 

? t,a- 24h 9) -$ (2 - WG 3. an? = 34S) eet fas.) 


1}. 

5. The fenodes, The nrineical reanlt of the present section 
is the fret that on infinite set of Iemotes are alweys present. Anide fron 
the geromorder mode, tha th ynlv) petlane etart cat with a pole ab the 
origin, sre alwoys negative and monotone ineransing, and aporonch the 
renal axia asymptotically as v¥00 . Kence to each such function there 
corresnonds xn solution of %q. (14) for each negative n. The io n(v) 
funetions are somevist mora complicated and moy have sero, one, or two 
d 


solutions for positive n, and sero or one golution for negative nw In 


this section the indepenient argasent wlll always be v ® elu. 


Lemnn 1. bq if a nagative monotontoally inersasine function of v 
for all v0, 
ds can be seen fron the ssrPlee expansion, %4, (27b), 2, is negative 
vniued for exffictently sacll ve From known proporties of Ssenel tunetions 
ty is an soalytic function for v¥>O. Gonsesuantly 4f it over attains » 
a onitive Value for any v>O it mist first croge the ere that tn at 


mst vanish at sone point, any v 24, D0, But by eq. (Pld) - 


Yinnt is fq iv a decrenainy fanction of V st ¥ S vy. Ta other vords, at 


the polat where #, ofos ses the Yeaxis, #, oust to chenting from roeitive to 


negative valuca with incressing v. Thies ie contrary ta the fact that £) 
ie nogetive-valued fer small values of v, It follows that z,< 6 for ell 
¥>0. 

= On the other band, ag can be seen from the serias expansion, 


an is positive for aufficiantly emali v0. Differentiating Eq. (21d), 
¥ 


i) Be gn ah Pere 
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ca duty 


oP ita beh ° 
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one obtains 


a2s, 9 dn > 
a (ave @ 4) 2B ¢?4 20 a+ 3a" 
at ne ae ee oe ie 


az 
Re See + 2a" > O, this mesne that if aay were to venish for 
tye v dv 


sny Value of v, 1% would bo chansing from nexative to vositive velues. 


It follows thet 92n must remain pooktive for all w>Q, 
ey & 


%e can elao may somathing about the relative values of a, for 


4ifferent values of n, namely the following lemma. 


Lema 26 8, > 8,1, for all a70 and v>0, 
Let As * t, = tnt. It follows fros the seriew expansion 


Bq. (220), that for smmliyv, A 2 tehnves like L/v2. By Br. (22d), 


al As) s v(s, + 24.13) As - > Ag 4 as . (25) 
v 


Again, As te positive for smell values of v, oad ite @Yapn can naver croags 


Aas @n +2 
the veaxis, since ef Ax should over vanish, aa oa ea (for v 7 0). 


We gee theretore that thea say's are negative meagtonienlly incroas- 
ing functions which fora on orierod fputly, the eraph of s, lying comletely 
above that of £n,,- “he [yy fanstions have these game properties, as will 
be whovn in Theorems 1 snd 2 “One randily obtains the gerles expension and 
the asymptotic exnnunion of 14 4 fro tose (92d) ond (23d) and the definition 


of Ty n (Ene (19) ). These are 


en 


ee 2 Be eee a + seine 
1a) 2 3 ( Strid 2(nke)© (25) 


ee ha ee 

nit tes © (=) 
Ti nlv) 3 - (+24 Via ck 

Bastar ose 


end 


~~ ee wD 
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Gias, Ty atv) hoa ns pole at the origin, and apnronahes the venxia 


asywototionlly fraw below as VoOo. 


Tsanres 1, tion 4a @ nagative monotonically increasing funstion 
of vw for all v0, 

thle follows from the fret thot Thon is the sua of two nagative 
monotonieslly increszing functions of v. 


If wo now define A 1, dy thse equation, 


Aly ®t, ae liasa 
then 
v . 


Te ecole 
Al, te 1 +) a ite (27) 


A ty is therefore the eun of two positive functions, walch provea 


Theoren ?. ee ty nth for all nO and ¥>0, 


We eae that the equation 


+ © 1 
a oe bad 
eee eS :- (la) 


hes no solution for the plus sign, corrasvondiag to poeitive a. ar 


n= 0 there is one nad only cue solution if and only if OS ie 1 Z 
& 9K 


Finally for ado, in view of Theorem 1] and the fuck that tion has vr pole 
st the origin ond approaches Ons v tends to oo, there is rlvaye one and 


only one solution, Vy. 16 follows from Thooram 2 thas vi<v., for no. 


wth 


(ie should be recalled that the condition a0 corremonda te the equrtion 
of 


Inns” “ -s with n2 0,) Furthermore, ag cea de seen from Eo, (77) the 

galation walues of vw agoarate ot for ak amell relative to one, One obtesina 

en aoproxiuate value for these 2olutions vslid Zor ta ~~ <<1_ from the 
a ® 


aeymptotie expanzion in 8+, (26). This gives 


Vn, * (1+ 3.) . 
sg @ ‘a ie’ 
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ay 4? Lie &— vi = «. 
sot 7 


iy AW Gb oe 3) mr, hia 


The Gorregpondine weve manbora are } 
° m \P 
: wy? (4) 
Ba " Jr 4 as aa) CZ | ° 


tha funotions fon are more compliested than the lion fanctions, 
ihey are not neessgarily of one align nor monotonic. Reavertheloss, as we 
ehall show, these functions aro either monotonle incresetng, monotonic 
decreasing, of have a alasle saximum, depending an the values of n and ak, 
Furthermore for each value of ak, Ip .(v) > Ta, y(v) for all v) 0, 


The sarlen oxpansion and the asymptotic expnasion of lon are 


T (vw) = ( 1 ~ be a ue es n ” 
she anrd) Ma)? = ( cenyemrs) Wasee f Fes 
tan) * GQ -2)L-2Q) ose (28) 


The poles of ay P- sad £, 28 seen ia iq. 19 and 29D, erncel each other, 
v> Vk a 
Llarvings town resaler at the oriein. From these exrenstors it iy renddly 


seen thst es VOo , the wranh of I a>eresches the weaxis from tolow 


oon 


if ak <n and from shove 12 ak 5 n. Furthermora the #lone for sufficiently 


4 
emall v > O ean ba esa to ba vonitive for ake ie n(n +2)" (n +2) ond 


negative otherviss. These temarku arg consistent with the follewing theoren, 


Theoren % If sk <n, thea I> _ 19 nogstiva ent monotonic tnoresr- 
ings if ac ck <'/ eal)? (a 4a), then Ly, hos exactly one saximun 
and no minima; sai if a Carl)? (m2) < ak then Tan ig positive on 
monotonic decrensinc. Yhis theorea fe valid forall nO and v0, 

The differontlel a uation for lon Gen ta derived from Kaa. 
(19) and (21d). 


rte 
al. 2 2 v_)?|* Lien Gon: 
ah =:- Voom - > nA F Hoty) a 4 Ton +F - — reas 


| a. a eae : (29) 
¥ — 
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ri 4 - y : : 7 : . _ on ee gs 
Oe tr : ; ' = — ae 
| co . * Ss 

i er . "“f':2 % SF 


ie 


oh 
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LOL ED 
7h 


¥@ thall firat etuly the vector fteld Jetatained by thia differential esintion, 


Setting alan egnal to zero reanlts in a qundrnatio ecuntion in Tons the 
av 


roots of this quadratis emintion ere tio functiona of ve Let Ulw) ve tha 
gronter of theses roots and Liv) the eealler. “he carves representing there 


two functions divide the balf rlane v>0 inte threes regionas “She region 


above the Vecnrve in which et" is negative, the region botween tha 


av 


Yeourve ani tha Lecurve in watch on ig vositive, and the region below 
dv 


the Lecurve {nu which OS ae ie acain nogotive.(Sea Flae6). 
dv 


The exeliclt exoresstoas for U and are 


ul 


2 

if 

where x = Jari s the plus sign goes with U, ad the mime sien roes 
ak 


with L, It fa colesr from jiye(30) that U ond & are alwoys real valued go thot 


‘ 


thelr graphs actuslly do divide the right half-plane into the three regienas 
described in tho crevieus parsxPatte 

One seen from 4o.(30) that Siw) ie the sum of necative monotonteally 
inerensing teras and heaca is itselt negative monotonic incrensing. *urther= 
nore Liv) has o pole at tha origin, I follows thet the grach of To av) 
etarta out above tirt of i(v). Tf 4% shozld ever touch ths LivJecurve it 
woild erosa (heaving » zero slore et this point) and enter » ravion of 
norabive slore. furthermore it eould mover again datersect that L(v)-carva, 
since Liv} is a penn taeie incrensines function, “he value of In ,{v) at 
thin noint of intersection voald therantter be an urrer dound for Ta gly). 
fines thie velue is necesanrily lese than wera, thle world he contrary to the 
feed thot Ta, nlv) anorosches zero asymptotically as v—dyon . Gonsecuontly the 


graph of Ip a(v) lias stove that of L(y) for nit v¥>% 


~ 
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The quadratic equetion da Ian obtained by setting Siu 
iv 
emasl to zero in ine (29) ann do rovritten as a quble in x, The rerult ta 


a GP 5 2 lea? 72 - “~( fh }* i “ 
¥(x) & (nk) Toon + 2uls y ® Jeon 430° * ato jnf Ak |. ak)* ~ 


| (31) 
we @ given velue of Tn ends rao%e x 2% there le a vO such that 
either U(v) = Iain or L(y) = Inge this wolua of Lay need aot, of 
course, be sseured by the fanction To yl¥de Since #(. 0) #@= co, 
Flo) , ni ¥(0) 8 “Cy? ¢ At follows that F(x) hae at mont 
two rdota, x7l. Since L(y) takes in all naeative values, 46 follows that 
for values of Tain Oe ong of thers rants necasearily sorresvonda to a 
point on L{v). Hence in the region that tly) te negative 1t miet ds monotonic. 
cmthe other honda for sosltive loin eaitner cero, one, or two roots cen lie on 
Uv), Kense in the region that Viv) 1a oonitive it 45 either monotonic, 
or has a single saximia ont ao ainima (oince U(v) approaches tha veario 
enyaptetically ea T5350). 

fe com:lete our deectiption of U(v) we make uae of the series 


and asyaptotic expentions of Uv) which are rendily obtainadie from Yog( 30). 


4 7 be es 1 a nin +2) ve 
Ulv) MST TTY” ota) 6(a)S (a) (ak) 


ae: n H(a +3) i a 
+ - ATER CRAY | Cie a eo Bla 15) — = 6 
eta) 16(m-1) (ste)? 16(n+2) (nk)? | e 


(3?) 


Uw) 2 (2 ~ So) 2. ee ee ee ec 
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Yor pkin, Ulv) ia negative for v nent O and alna For v—>00 . “nd hence 


Le elenye negetive and monotonic inerersins. Yor ncak < Yn (n+l) (n+?) , 
Ulv) hea a positive alope for onsll vulues of v end 4s yonltive for v->o, 


which implies thas it hes a single maxima and no winima, Pinelly for 


a n (n4+1)% (n+?) , Ulv) nao a negative slope for small velnen of ¥ 
end de vreritive for v— poo, ont therefore in always positive ans monotonta 
decreasing. 

Ye now return to the function Ip ,(v). A eomoarison of the 
geries exoeneions for Io alv) and Sv) (%qe.(27) and (32) ) shows thet the 


2 : \ nn SE Na 
graph of Ulv) starta out above that of 1, abv) for ak Z wf{a(n +2)? (n +2) 


and below for nk S Yala 7a)? (n+2) . How To.n(v) cennos intersect '(v) 
irom below at m point at which Ulv) te incrensiny Beeange at auch » point 
the alone of Io y(v) weuld be sere (by definition of U(r) ), wo thet 
Io,n(v) could only gross Uv) grow above, For ak Sa, U(v) de ataeoe. 
monotonia inorearing so that Ip ,(v) remains between Land U, thet is in 
the vosltive slove ragion, Consequently tathia arve Io nv) 45 nogative 
roi monotonic inarendins. 

For mn <ek ce tapi? ae Io gv) oon intersect Uv) 
only at a point at whieh U(y) hes a non-positive elope. At this point 
it eneb neseusmrily oross to the remion above UC) aince Ulv) 4a alther 
decreasing om at ite maximam whereas {, ,(v) Ane ® toro slope end cnn only 
decrease by crossiny over to the region adove lv). It tm claar that 
To, av) mart ecfoss into this region sines 1t anpronches the veaxia Tron 
above and hence eventually 49 decracsing. Ones ia the region adore U(v), 


To, alv) mast rerain there for ell larger ¥ singe Ulv) to thereafter a 


ee Re 


7 a an frie a 


i a Pin Wi! dai 


dh r tely eel ha 


1 
4 


een 
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monotonia decrensins function and I, nv? would nasessatily heve » taro slope at any 
“ce 

voint of intersection, Thus In ,(v) starts out increasing, hes if maximum at 

the soint of intersection with Ulv). and te thereafter decrensing, eoproacthing 


the venxie nsymototionlly fron ‘above, 


Finally for ay he (n+1)? (2+), To ni¥) starts cut above Ulw), 
ent eines Uw) is monotonic decreaasings for v >O, At follows a8 atsve that 
To, atv) mant renein shove Uy) for ell v>O, Hence in this case Tp ,(v) Le 
raeitive end sonotonin decrasaing. Tats is likewlsae trie show the inequality 
is renirced by 2m eqnaliby since the foncticns To av) ara continions in ake 
Thies concludes the »roof of theoraa 3%, 

We shall next show thet the functions Io al) forn an ordersd fanily 
of fanations. This-rasult vill ba an Lonedieta conneqianse of tha following 
letmas on the function 


wv 


vy ¢ 
This function is emal to «2, time its principal part mt the orisin, ‘the 


éiiferential ecnation which wv, antisiles is 


avn 2 2(n+2) 1 
The expsnsions for vy, are 
~ 1 L n 
Vv Da = \eeeee~e “TL I pinnae Taeeeeeel Kn —“—_— > = 
ad {arid &(n+1)<(n+2) iJ 
ee eae 3 


Lena 3. Hy fa a tortitive monctoateally deerasking fanation of 


v for sll v20, 
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The preoft of thie lemma 1& very aleiloar to thet of Lemsa 1. Tt 


is Clanr that the erash of Ya evarta out vositive. Purther, it can never 


erosn the veoxrin tince If 1t vera zoro, then by on, (33) ed ck oo. 
dv” Vv 
Stmilerly, AW Gtarte out negstive sand Lt, too, @annot become sero aince, 
ve dw 
1f 1% were to do so, ono can a ally ahow that a =? aus P 
dv ~ 


Leone be “a Wy, for all nO and v—> 0, | 
Let Liw F Wy Wy. e It follows from fo. (34) that for 
v¥2z0, Aw = e Sines ly Le positive for smrll values of ¥. 
a(n tl) (na) 


Using dqe (33) ono can write down the following ¢cifferentiel eqation tor Avs 


Aint 2 * 


Ags in Aw does not become xere since Af it were ever to do sa then wt thts 


point a Ay » 
qv 


>O by lewan 3. 


2 
po Wy 


Thaspen he Ton? Toa for ell no 0 and v 2a, 

Lot A i, * Son ~ Toni? Then, from iq, (19) ond the dofinie 
tions of Da ona Ax, A T, enn be ae 

Atp® {a4 ailed We (35) 
Hance At, ia the mun of two tositive fuxctionas, which proves the theoren. 

A@ a Conaaqusncs of Thegren 3 ond the sarlea expanatan, Ge. (28), 
he aq sebion 


X.-% 
= =. ie Tain (15>) 


con be charncterized «9 follows, Yor the plus sign (rerresponding te nositive n 


Temodes) £oe(18b) hoe mo solution if ak & mn, it may heve tuo solutions for 
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( banana toate natemer * ~mmememneme omental 
suffielently macll = me ig nc Pa n (n4+1)° (n+2)) and ab vill 


u 
have ona solution for nk ><fm (n +2)* (a+2) amd Af ond only if 


4X fe OR La 3. - ay s 
OCs ol elarl 2(sk)* 


On the other hand 4¢ will hove one solution for the minus sign (correzponding 


to negative n I-modes) if and only 17 


/ x ee n " Es ; 
a ek ~ 2ak)* Plat) 


otherwipg 1% will have none. 

It ie clear that for safftotlently larse n (fixed ak) there vill 
plweys ba gach solutions, fron the ordertag theaoreum it followe that 
Ya < Yat (for single solution cases). For tha traveling wave guide 
scpllestion 1t in desirable to sapnrate these solutions. As can be seen 
from iq. (35), the functions I> ,(v) separate for ok amall relative to ons, 


/ 
Ong obtains an spproxinuste volue sor such solutions, valid for ~ mee 1, 


from the asynptotic expansion in Eq. (28). “aie gives 


Te ak (lo ~-), 


nk 
The corresponding wave nusbers are , . t 
xz 
Bos nye (8 2] 
Pate /a+a- Pcs |. 


& ihe tenses, Ye heve sron that a gooi wey to isolate tha 
asro-ordar Iemcdo in vhare velocity fron the other T-modos Le to design the 
helical wave giide so that = Cs end sk 4s small relative to one, 6 

aw > 
ehall show in the present saction that a wave mride built to such erecifioea- 


tions cen propsaate no hemofes. ‘Ye shall, in faet, Lind the get of «11 valucs 


or * ~ and ak for which no Aemiodea com axiet (seo Fir. 7). 
fn 
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Aside from the gerosorder mode, the furetion a .y(u) has 2 pole 
at the orizin and is a monotonio decrensing function (ees Fir. 7). It 
aprrmackes «= 00 fron the lait and + ow from the right »& emch of tha rorna 
of Tyla)e The only way to eliminate euch a mode is to choose the carumeters 
to that any interssation of the lines y ary — and the curve y 3 Ay gla) 
lies to ho rigit of tie line u 5 ak. Kor the sero-order ense no solation for 
wu Sak resulta in an mttenicted mode, vhoreas for n> 0, Ry nh) is complex 
velued for wu Sak vo that here is no each solution, ‘The situctinn for 
a, g(a) ia somavhat sinllar excest that these functions are in senerel 
not ne wall behaved as the “y ,.(a) functions, in this ssotion the Indepent~ 
ent argaent will always dou. Yo shell desienate the &*® gero of Jy) by xP . 
Leman $e &, is a monotonically @coranaing function of wu. 
dty 


Aa oan te seen from the series expansion, oq. (22a), Le 


au 
negative for anall valuoa of ue Sines the dominent term for larve gr, on the 


right-hend @ide of fq. (Ma) is =u ne » At follows that At, de likewise 


aa 
negative in the neightorhocd of sll the poles of g,. It remains to show that 


ds 
—* ateys nogotive batwean poles, If thie wera not 60, dey would have to 
u a 
oan § 
vonish at a regular point. Hovaver, we find in thefmrnd vay thet for such a 
yotnt 2 
bolita: oe - aa - 2. ae 
2 - con n LO. 
a we 
& 
Thies implies that dz, Gan be equal to sore only if Lt changes fran vorit ive 
. <u 
to cag tive valuse, which is contrary to the fact that Ar, sterte ont 
a) 


negative from all poles. 
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Lorna G6. Bo < @n41 for ell u in the juterval (0, ws 
ter Ass By ~ Biz e It Follows fron the sariow exoension 
Boe (22m), that for aninti un, Ng behaves Like ~1/a2, By Boe (Pie), 
a /\ 3 
L 


Pn+1 ; 
a 


vu 


zu (egtan,.) An 2 is 


Agoin,f\ wz starts out signtiva sn4 cannot become saro in the intervel of 


remlerity (0, x}) sinca, Af As chould vanish dn thin interval, then at 


this point ae =- sins <9 which invlies that /\ mR chenges from 
RY 
au 
pouitive to negative valuan. 


Theore® Ge Ron ia a monotonically decresaing function of u 


(O<u< ak, 220), 
By fc. (219), : 
rn 2;* 
Ry yal) = wt rE - (=) le Bye 
Bance ya) is the sum of two monotonically decremsing functiona. 
fhe saries cmoension for By ni) is readily obtainsble by ute 


of wo. (19) and (P28): 


i y= ae | 3 2 eae ey en 
ign w2 antl) at %)? z 


a 
Ya are @roin interested in solutions of the aqintlon 


eS —- = 8 (a) (18¢) 
a 3 ak * 


For a 2 QO, gt? = Bo atartes with a value of -1/2 abu @ 0, and decrecsas 
toward a pole at xT # 2.005. Hence if ak <2? one Oleerly avoida x solution 


of Eq. (16¢e) if and only if 


pC Bt 1 
- = 4s (170) 
or > # (ak) . (17) 
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On the other hand, in the interval (9, xt) By i) starta ot + oo ant 
decreases monotontoelly to = om . %o avoid a solution of (18¢) in this 
interval ek mist first of all lie in the dntervoal. 


Since the Lovet point on 2 yh for u <ak is precisely My fol) © 
sy(ek), Be. (18e) will sve 2 solution for the plus sien unless 
og S 2 Cay lak), (36) 

where of course O<ak Cat + io. (36) farther raetriata ek since 21(ak) 
mist be pensive. the first gero of #1, (ak) is nt x, 2 1.8%, ines 

Bg < x » 1% follown that rolutions of &q. (180) for both n=O and nl 
will be eliminated 4f£ conditions (17n,d) and (46) ere both valid. ‘e@ shall 
now show that theese conditions are guffielant to eliminate eny solution of 
Ba. (180). Sinss x? a. = <= =m, this to ea isnmediate sonsennenas 


58 
of the followlnae tisoaron, 


1+ e red x 4q 
Khacren f. By la? < yn) for all wu ia the intervsi 


0, min(aky ar) 8 


f\ #y fe therefore the sun of two nogetive functions in that part of (0,2) 
fer whieh 1% de real velusd, 
Tn order to elininuote the modas assaoainted with the Ba nla) 
functions one must restrict tha prrametears =; 4 end ak etill further, 
Solutions of 


= = . 2 Bo gba) (18a) 


for n = 0 have already boon gonst4ored siace Be ga) = = g(a). “he other 
functions (n>) ore not exatly headled, Aw ean be seen from the series at~ 


pension aboat the origin 
RESTRICT SD 


{ pe am x - 


1 ee. we @99 iggy « r all aon t * Ogel® 


‘Ody w asda wie 


ws 1 1 1 1 2 
hey nit) 2 eo ee | of | mere memeereeenremineennene em << a «= 

. eras ae 3(m 41) > (a +2) Bias)? , 
these functions depend rather atrongiz avon ek. Ve shall firet consider the 


funstilox Ay y(n) in datail. As we @hntl aes, tho modea ssuoclated with the 


Ba i) for n>i gan be eliminetad whthout a detatled analysis, 


Por convenience in notation and in order to show the k-devendence 


more clesrly, let ua desicnate Re 2) by Etu,k). That is 
ee 


2 
- ‘ 1 - 2 | 
Ru, hk) a ae h ( — ) a . 


w@ now preve tvo lenane about the kedependence. 


; 4 ‘ ae 
Leman je Ray ky) < Rta, ko) and ary (ay ky ) K a Aa, ko) 
for ky < Kn and ww < nity» 


If we waka the substitutions i 
» 
PS 12 ae) 
2 ary? 


and -_— [ ae ‘ag 
aks 


then 


4 


Rlugk,) - Zlu, Kos @ ie « 
(ask, ) (ayFp) a2 (« a) 


4? a ke 
= a a =e , i ( ) 
( nieyko)* rye a 


ihe first part of the lewis follows Ammedistety fram the fact that ky< Ko . 
Sines r and 2 ara Both vouitive zoncetonic deorensing fanstions of u, 

(er a8)" 4s monotonic Increasing, and the right-hand side of #4.(37) is 
therefore monotnote deorarsing for ky <key « Hanes, under this condition, 


4ts derivative ie negative, witch proves the second part of tha Lerma, 


RBITRECTED 
Or ee err e 


f. 
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; ‘ mat ne i 7 


ee Pat gh to: na 
7 a ; 
gf \\> fl 5) ge eH im, 
eid Le fine: ioe Whe naan 


wilitya | ‘ats @ e i 
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Levrs &, lyse) de monotonic daareceing if ar <orie for all 
wu in the interval (C,5k). 
Tt follows from the sreasding lewma that we need only show that 
Ray ky) is monot«nie cecressiny where sk, 2 ia the series axpeasion 
for thie funation ts 
R(ayk,) 2 l3 - x | |. - a2. [2 ie 
rem i* GG ie 24 x OM ” 3 a 
= 0.106 = 0.c009n¥ . . « 
It ie clear that Way ky) 4a positive onl decrassing for small valuot of a. 
Farther, it ia positive at the uower end of the interval since, by the definiticn 
ef X(n,k), 2(ek,.ky) F = ey (ok) > 0. (Note that aks = “fia = 1.861 > 1,82 x,.) 


The éifferential equation for “(uykg) 4a 


(33) 


i winisi, ? haps egret nke RO 
“ta? he (aT? 


If a(uyky) vers ever nerative its erearh vould have to eroca the uerxis at 
lo at twice, the first tine with n negative slope ami the Inat tine with a 
pooltive slove. However, for R= 0, wa find thet 4f bis aperoxinstealy 
equal te 1.7, as in sosttive gor ucd and negative for urd, Hence 
X(uykg) could only cross Yalow the uegxis for uZb and it could aot there~ 
after recrozo. Thorefore Auk)? o, 

Curpere now tnt mo ¥enishea for some u, sey ua, in the 
intervs1 (°c ky ). UBifferontiating 2g. (38) and setting a eaunk to 


gesro , *% obtain 


al. 2a} 2 easel oer c r 
oth Oe = Sa 6 [Gy 


RAPRICY 2 


ea eis 


' 
ee 
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Since thie exoreseion is positive for any a, in the interval (O,nk&), ib 
follows that Ro may hove only local minime, ff 1t hn sich # minima it 

world have to ryproach the point u F ak, from Dolow. “hie is faporyible 
mince it is clear from “in. (38) that the slops of R(u,ky) approaches = o 


aa UW anoronchea ake from the left. 


Theorsa 7. Ta order that neigner %, 4 (u) nor to 4(u) equal 


: ole for come u, it is meceacnry end cuffielont that 
A 1 1 1 
Ss taka -t- (39) 


2lak)® 
we have elresdy chowa that eondition (35) must ve satiafied in 
order to eliminate an “1,1 solution, Here OC ak (x, . If aE C ak¢ xz, 
then ®5.4 (u) storte conitive and decrease monotontoslly to the value 


o ay(ak) (0, Heacs thera wlll be en Bp 4 solution in this cane if 
X 


= -— KF lek). whue for sit dn thie range thare will always be eithor 


en 3 ee solution or en Bot solution, Fineliy 4f ak °¢ oi Ro ba) starts 


at the value - - ere 4 GO and decrezsas sonotonically to the vrlue 


yy 
2( nk)” 
28, (ok) € O, 4 follows that the only way to svoid both en Ry,1 ond sn By y 
x 4 


olution te to choona — ie in the ronge given by (39). 

In ordor, therefore, to eliminate both the sermeorder fenoten 
ant the firsteerder Asnoded it ie necessary and suffiecisoat that eoaditiona 
(17s, b) and (35) be antiefied., The region of veluce of tha rxrametors 
| x 1. and ak whieh satisfy both conditions (17s,0) ant (49) is ahom tn 


Fie. ?. Baesuss of the following theoras the other femodes are alro @lininated 


if these coadisions are srtisfied, Yor, just xa the fy y functions (nD) 1) 
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were ebove 8,1 in (O,x}), #0 the Ro, functions (n> 1) are delow Rp] in 


(a,x) and esa furaish no solutions of (184) 1f condition (39) in entiefied, 


Thacren 8. Ro yit) > Ro q4ya) for all uw in the interval 
lo, min (ak, t)|. 
We vrove this theoren by nenne of the uausl lemans, We first 


introduces the function 


The exonnstion for wy about the origin is 
1 1 2 
a a -- 
ayer &(n+1)? (nae) 


Vn 


Lewnn 9. Wy ina monotonie incrensing function of wu, rositive in 
the interval (0,x} ). 
From the series expsnsion for wy, it is clear that it is positive 


for smell values of u. the differunttal equation for wy Le 


tet, PY owe 
wt ty yt cin) 
pire a u 


Wy + - (0) 

it followa from the usual argenent thet in tha firet inervnal in which {t 

is regular, (C, xf), wy, mast remain cositive. It is Llikewlwe clesr from 

lige (QO) that vy ia positive in the neighborhocd of the poles, ond fre 
OM 


the exnansion that it 1a positive for emall positive up, By studying the 


second derivatéve one shows in tha umel wey that dwn must ressin vositive 
dw 
between thage sinrulariticos, 


1 t : 
7 
E 1 1 ‘ 
is : (nen elt 
t ‘ 


: Bei aleve ws. tad 


LF oo oe 
Cy i’ 
ME vi 

Bi alta 


OSTFian . wh wt -.4@ 


Lerma 10. Wy >¥y.q for sll u in the intervel (0, x7). 


L 
Agein define Aw sv, = Waite Fora ® 0, Aw © cpm mn 


Furthermore 
a Ww ? 
du (Wat vn +A U ‘ a 


Again 4% follows that Aw mst reasin cositive ia the interval in which 


4{t is regulnr. 


Finally g > 
Ro glu) al Rp, ap10a) 2 +5 F - [2 - cy] + |v 


The first tarm io positive for all wu in tha interval (0, ak) and, ty 
lewis 9, the second to ronitive in the interval (6, xt) » whlch proves 


theorem &, 
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